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Course Outcomes
Students would be able to:
CO1 Establish a fundamental familiarity with partial differential equations and their applications.
CO2 Distinguish between linear and nonlinear partial differential equations.
CO3 Solve boundary value problems related to Laplace, heat and wave equations by various methods.
CO4 Use Green's function method to solve partial differential equations.
CO5 Find complete integrals of Non-linear first order partial differential equations.

Section-1

Method of separation of variables to solve Boundary Value Problems (B.V.P.) associated with one
dimensional Heat equation. Steady state temperature in a rectangular plate, Circular disc, Semi-infinite
plate. The Heat equation in semi-infinite and infinite regions. Solution of three dimensional Laplace
equations, Heat Equations, Wave Equations in Cartesian, cylindrical and spherical coordinates. Method
of separation of variables to solve B.V.P. associated with motion of a vibrating string. Solution of Wave
equation for semi-infinite and infinite strings. (Relevant topics from the book by O’Neil)

Section-11

Partial differential equations: Examples of PDE classification. Transport equation — Initial value problem.
Non-homogeneous equations. Laplace equation — Fundamental solution, Mean value formula, Properties
of harmonic functions, Green function.

Section-111

Heat Equation — Fundamental solution, Mean value formula, Properties of solutions, Energy methods.
Wave Equation — Solution by spherical means, Non-homogeneous equations, Energy methods.

Section-1V

Non-linear first order PDE — Complete integrals, Envelopes, Characteristics, Hamilton Jacobi equations
(Calculus of variations, Hamilton ODE, Legendre transform, Hopf-Lax formula, Weak solutions,
Uniqueness).

Books Recommended:

e |.N. Sneddon, Elements of Partial Differential Equations, McGraw Hill, New York.

e Peter V. O’Neil, Advanced Engineering Mathematics, ITP.

e L.C. Evans, Partial Differential Equations: Second Edition (Graduate Studies in Mathematics) 2nd
Edition, American Mathematical Society, 2010.

e H.F. Weinberger, A First Course in Partial Differential Equations, John Wiley & Sons, 1965. M.D.
Raisinghania, Advanced Differential equations, S. Chand & Co.
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CHAPTER-()

1 (a) Geometric Notations
Q) R" =n—Dimensional real Euclidean space
(i) R*=R=Real line
(iii) € = Unit vector in thei* direction=(0,0,0,...1,...0)
(iv)  ApointxinR"isX=(X,X,.... X, )
(v)  R"={x=(%,%,...x,) € R"|x, >0} =open upper half-space

(vi) A pointinR™ will be denoted as(X,t) =(X,,.... X,,t) , where t is time variable.

(vii)  U,V,W denote open subsets of R" .We writeV ccU ifV <V < U andV is compact
i.e. V is compactly contained in U.
(viii) 0U =boundary of U
U=closure of U =U Lol
(ix) U;=Ux(0T]
x) I; =UT —U; =parabolic boundary of U;
(xi)  B°(x.r)={yeR"|x—y|<r}=open ball inR"with centre x and radius r>0
(xii)  B(x,r)={yeR"|x—y|<r}=closed ball in R"with centre x and radius r>0
(xiii) ~ a(n)=volume of unit ball B(0,1)inR"
%
F(n+lj
2
na (n)=surface area of unit sphere B(0,1)inR"

" " V2
xiv) IfabeR"sta=(a,a,,..a,) andb=(b,b,...b,)thena,b=> ah and|a|:£2afj

i=1
(b) Notations for functions

(i) 1fu:U >R wewriteU(X)=U(X,X,,....X,) wherexeU , u is smooth if u is infinitely
differentiable.
(if) If u, v are two functions, we write U =Vif u, v agree for all arguments

U.=Vmeans u is equal to v.
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(iii)  The support of a function u is defined as the set of points where the function is not zero and
denoted by spt u.

UZ{XG X|f (x)¢o}
(iv) The sign function is defined by

1 if x>0
sgnx =<0 if x=0
-1 if x<0

u” =max(u,0)

u”=-min(u,0)
u=u"—u"
uj=u*+u
V) Ifu:U —>R"
u(x)=(u*(x),...u" (x))(xeU) whereu=(u*,u?,..u")
The function u' is the i component of u

(vi) The symbol j fdS denotes the integral of f over(n—1)dimensional surface ), inR"
>

(vii) The symboII fdl denotes the integral of f over the curve C inR"
C

(viii) The symbol f fdx denotes the volume integral of S over V e R"and X €V is an arbitrary point.
\%

. 1
A fdy = fd
(ix) Averages: 43 y = ) !r) y

=average of f over ball B(x,r)

¢ fds= o[ fds
aB(n,r) nO( aB(n r)
=average of f over surface of ball B(X, r)
(x) A function u:U — R is called Lipschitz continuous if

lu(x)—u(y)|<C|x~-y], for some constant C and all x, y U .We denote

Lip[u]: sup |u(x)—u(y)|
S |

(xi) The convolution of functions f, g is denoted by f =g.
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(c) Notations for derivatives: Suppose u:U —R,xeU

0 au(x) _ it u(x+he)—u(x)
ox;  h=0 h

provided that the limit exists. We denote 24 = byU

2 3

Similarlyu, , = OU_and Uy s __ %Y andin this way higher order derivatives can be
YiOX.0 T OX0X 0%,

defined.
(ii) Multi-index Notation

(@ A vector & of the fora = (al, Oy, an) where each &; is a non-negative integer is called

a multi- index of order|a|=a, + @, +...+ ¢,
(b) For given multi-index & ,define

(04
D%u(x) __u
Q, o
X 1...8xn n
(c) Ifiisanon-negative integer
D'u(x) ={D“u(x),|a| = i}

The set of all partial derivatives of order i.

utsj-{got]

(i) Au=3u,,

=Laplacian of u
=trace of Hessian Matrix.

(iv) LetX,y € RM.ex=(%, Xy, X, ), Y = (V3 Voreons ¥y )
Then we write

D,u =(uxl,...,ux")
D,u=(u,,...u, )

! yn

The subscript x or y denotes the variable w.r.t. differentiation is being taken
(d) Function Spaces

() @cU)={u U—>R|u is continous}
(b) C(U ) {ueC(u)u is uniformly continouson bounded subsets of U |

(c) C* (U :{u:U —>R|u is k timescontinuous differentiable}
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(d)C* (U)={u:C* (U )I D“u is uniformly continuous unbounded subsets of U for all
o <k}
(€) C*(U)={u:U —>RJu is infinitly differentiable}
(ii) C, (U ) means C (U ) has compact support.
Similarly, C; (U)meansC" (U ) has compact support.

(iii) The function u:U — R is Lebsegue measurable over L? if|u], ,, <o

W
”u”Lp(U):(J.|u| dX] 1< p<oo
U

The functionu:U — R is Lebsegue measurable over L~ if||u||Lw(U) <0
o, = esssuplu

(iv)L°(U) :{u U — R|u is Lebsegue measurableover L”}
L (U) :{u U - R|u is Lebsegue measurableover L°°}

() DU, = |0

LP(u LP(U)

Similarly, | D*u

w =[P

L? L*(u)
(vi) Ifu:U — R™ is a vector, whereu = (u*,u?,...,u™) then D*u = {D“u, || = k}
similarly other operator follow.

(e) Notation for estimates:
(i) Big Oh(O)order

We say
f =0O(g) asX = X, provided there exists a constant C such that| f (x)|< C|g(x)|, for all x

sufficiently close to X; .
(i) Little Oh(o) order
We say

f(x)

50

9(x)

f =0(g)asX = X provided XEX
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2 Inequalities

(i) Convex Function

A function T :R" — R is said to convex function if
f(ex+@A—7)y) <z f(X)+@Q—7)f(y)

forall x,yeR" andeach 0< 7 <1.

(ii) Cauchy’s Inequality
2 2

abs%+% (abeR)

(iii) Holder’s Inequality

Letl< p,qSOO;%'i‘é:l, uel®(u),vel(u)

lﬂ |uv|dx < u, p (U) V] @ (U)
(iv) Minkowski’s Inequality
Letl< p<oo,andu,vel®(U), Then|u+V| p () <Julp () +|v],a (L)
(v) Cauchy Schwartz Inequality
Kl <plly (xyer?)
3 Calculus

(a) Boundaries
LetU = R"be open and bounded, k={1,2,...,}
Definitions:
(i) The boundary oU is C* if for each point x° € &U there exists r>0 and aC* function

Y:R™ — Rgych thatu ~ B(X,r)= {x eB(x°r)[x, > Y(Xl""’xnfl)}

Also, AU is analytic if Y is analytic.
(ii) IfU isC", then along 6U , the outward unit normal at any point X, € 9U is denoted by

()= )
(iiii) Let ue C*(U ) then normal derivative of u is denoted by% ~v.Du

(b) Gauss-Green Theorem
LetU be a bounded open subset of R"andoU isC*.u:U — R"and alsou € Cl(U) then

_[uxidx= _[uv‘dS (i=12,..,n)
U ou
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(c) Integration by parts formula
Letu,veC*(U)then

J'uXi vdx = —j uv, dx + I uvv'ds
U U ou

Proof: By Gauss-Green’s Theorem

[,[(uv)x' dx = a.[ (uv)v'ds

Or IUXinX+IUVXi dx = I (uv)v'dS
U ]

ou
Or quivdx:—_[uvxidx+ J' (uv)v'dS
U U ou
(d) Green’s formula
Letu,veC?(U)then

ou
[ dx= | —dS
(|)£Au X 6{ 3y

Proof: jAudx =_[(uXi )X_ dx
J :

Integrating by parts, taking the second function as unity
jAudx = _[ u,v'ds
V] 0

ouU
= J' 6_uds
LoV
Hence proved.
(i) I Du.Dvdx = —J.uAvdx + I N udsS
U U ou 81/
Proof: J' Du.Dvdx = —IuAde + I uDv.vdS
U U ou

= —_[uAvdx+ I u L] dsS (integrating by parts)
U ou 81/

(iii) [ (uAv—vAu) dx = j(uﬂ—va—” S

L\ ov ov

Proof: juAvdx = —_[ Du.Dvdx + J. ﬂudS
V] U ou aV

Similarly,IvAudx:—j Du.Dvdx+Ia—uudS
] ] 128} 81/

subtracting, we get the result.
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(e) Conversion of n-dimensional integrals into integral over sphere
(i) Coarea formula

Letu: R" — R be Lipschitz continuous and assume that for a.e.T € R the level set{x e R"[u(x)=r}

is a smooth and n-1 dimensional surface inR".Suppose also f:R" = Ris smooth and summable.
Then

If|Du|dx=T[ f fds]dr
R e
Cor. Takingu(X)=|x—X,|

Let f :R" > R be continuous and summable then
j fdx=T£ j de]dr

R" 0\ 8B(xo.r)

for each point X, € R" or we can say

d
QP fax|= [ fds
dr(su{,r) X] as(!o,n

for each r>0.
(F) To construct smooth approximations to given functions
Def: IfU = R"is open, given & > 0.We defineu, := {x eU |dist(x,8U ) > £}
Def. Standard Mollifier

Lety € C”(R")such that
1.
cexp if  [x]<1
e el
0if |x|>1

The constant ¢ is chosen so that j ndx =1
Rn

Def. We define

1 (x
n, () ::—nn(—j foreverye >0,
" e
Properties:
(i) The functions?], are C* since77(X)are C* .

. 1 X
i dx=— — (dx
(ii) j ndx=— anﬂ(gj
- J' n(x)dx (by definition of n-tuple integral)
RH

=1
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(9) Mollification of a function

If f :U — Ris locally integrable
We define the mollification of f

fFo=n,*finU,

=[n.(x=y)f(V)dy = [ n(y)f(x—y)dy (by definition)
U B(0,¢)

Properties:

M  f7eC”(U,)
(i) f*— f almost everywhere as & — 0
(iiy  1ff €C(U)then f* = f uniformly on compact subset ofU almost everywhere.

Function Analysis Concepts

(i) L” space: AssumeU to be a open subset of R"and1< p <o .If f :U — R is measurable, we
define

p }/p
Il = U|f| de if 1<p<ow
LPU) | \U
esssup|f|if p=oo
U

Transformation from Ball B(X,r)to unit Ball B(0,1)

Let B(,r)be a ball with centre x and radius r and B(0,1) be an arbitrary point of B(X, r')and z be an

arbitrary point of B(O,l) then relation between y and z is y=x+rz.





